On Second Maximal Subgroups of Even Order

Long Miao

E-mail:20210088 @hhu.edu.cn

|
i i§ %

<)) HOHAI UNIVERSITY

Long Miao (Hohai University) On Second Maximal Subgroups of Even Order



Maximal Subgroups

Considering the quantitative characteristics and embedding proper-
ties of maximal subgroups, we can obtain different characterizations of
groups.

e Wielandt [1] proved that G is nilpotent if and only if every maximal
subgroup of G is normal in G.

e If every maximal subgroup of the group G has prime index, then G is
supersolvable ([2]).

e Finite groups whose maximal subgroups are all nilpotent are called
Schmidt groups ([3]).

e Thompson [4] proved that a finite group G has a nilpotent maximal sub-
group of odd order, then G is solvable.

[11 M. Hall, The Theory of Groups, Macmillan, New York, 1959.

[2] H. G. Bray, W. E. Deskins, D. Johnson, et al., Between Nilpotent and Solvable, Polygonal Publishing House, Passa
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[31 0. Y. Schmidt, Groups whose subgroups are all special, Mat. Sb., 31(1924), 366 - 372.

[4] D. J. S. Robinson, A Course in the Theory of Groups, Springer-Verlag, Berlin-New York, 1982.
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Maximal Subgroups
We introduce the definition of CAP and some of its promotions.
Definition 1

A subgroup A of a finite group G a CAP-subgroup of G if for any chief
factor H/K of G, we have HNA = K N A or HA = KA.

Definition 2

A subgroup H is said to be semi cover-avoiding (SCAP) in a group G if
there is a chief series 1 = Gy < Gy < --- < G; = G such that for every
i=1,---,1 either H covers G;j/Gj- or H avoids G;/Gj_;.

Theorem 1

A group G is solvable if and only if there exists a maximal subgroup M of
G such that M is a solvable SCAP-subgroup of GV

v

) M g N §
IR p2bra SAEARO0O SBRS 1TY

[5] X. Guo, J. Wang, K. P. Shum, On Semi-Cover-Avoiding Maximal Subgroups and Solvability of Finite Groups,

3244.
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Maximal Subgroups

In addition, the maximal subgroups have an important influence in
non-solvable groups.

Definition 3

Let H be a subgroup of G and A|B be any pd-chief factor of G. We will say
that H is a CAPs;-subgroup of G if either AH = BH or |ANH : BNH|, < p.

v

Theorem 2
A group G € S, if and only if M is a CAPg;-subgroup of G for every
maximal subgroup M of G'°1.

[6] Z. Gao, J. Li, L. Miao, On CAPs; -subgroups of finite groups, Comm. Algebra, 49(2021), 1120 - 1127.
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Second Maximal Subgroups

A second maximal subgroup is a maximal subgroup of maximal sub-
group, which is a basic concept in finite group theory and has been studied
by many scholars.

e Huppert [7] proved that if every second maximal subgroup of a finite
group G is normal in G, then G is supersolvable

e Let G be a group and H be a second maximal subgroup of G. If H = 1,
then G is solvable([8]).

Note that if the group G is non-solvable, then all its second maximal
subgroups are non-trivial.

[7]1 B. Huppert, Normalteiler und maximale untergruppen endlicher gruppen, Math. Z., 60(1954), 409-434.
[8] S. Li, H. Liu, D. Liu, The solvability between finite groups and semi-subnormal-cover-avoidance subgroups, J. Math., 37(6)(2017), 1303 - 1308.

g %

HOHAI UNIVERSITY

Long Miao (Hohai University) On Second Maximal Subgroups of Even Order 5/46



Strictly Second Maximal Subgroups

Definition 4

A subgroup H of a group G is called a strictly second maximal subgroup
of Gif H<M forall M € Max(G, H).

Let Max;(G) denote the set of all second maximal subgroups of a
group G, Max;(G) denotes the set of all strictly second maximal subgroups
of G.

Meng and Guo [9] investigated the differences between second maxi-
mal subgroups and strictly second maximal subgroups. Konovalova, Mon-
akhov and Sokhor [10] gave the examples of groups with Max;(G) =
Max’,(G) and some observations on strictly second maximal subgroups.

[9]1 B. Huppert, Normalteiler und maximale untergruppen endlicher gruppen, Math. Z., 60(1954), 409-434.

[10] S. Li, H. Liu, D. Liu, The solvability between finite groups and semi-subnormal-cover-avoidance subgroups, J. Mt ¥ /(& 201&)111 303%_[ 30?. _’r‘é
~
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Hy = ((12)) = {(1),A2)} — Hyp = {1}
M, = S3(6 ¥) Hiz =((13)) = {(1),(13)} — Hiz1 = {(D)}
(), (12), (13), (23), (123), (132)} Hiz =((23)) = {(1),(23)} — Hiz1 = {(1)}
Hiq = ((123)) = {(1), (123), (132)} — Hya1 = {(1)}
Hai = {(1),(12)(34)}

Hay = Ky = (1), (12)34), (13)24), (14)23)) Qg Hap = (1), (13)24)
1, - 0 Hois = (1. (14)23))
5424 ) 1 (1), (12)34), (13)24), (14)23), =0 Haz = (1324)) = ((1). (12)(34). (1324), (1423)] — Hyor = (1), 12)34))

(12), (34), (1324), (1423)} Hozn = (1), (12)}
Hys = {(1),(12),34), (12)34)} %E Hy = {(1), 34))

Hyss = {(1), (12)(34))

Happ = {(D),(12)(34)}

Hzi = Ky = {(1),(12)(34), (13)(24), (14)(23)} 4(5 Hziz = {(1),(13)(24)}

Mz = As(12 H) Hipz = {(1), (14)(23)}
{(D), (12)(34), (13)(24), (14)(23),
(123), (132), (124), (142), (134),

(143), (234), (243)}

Hzp ={(1),(123), (132)} — H31 = {(1)}

Hay = ((1),(124), (142)} — H331 = {(1)}
Hiq = {(1),(134), (143)} — Hzq1 = {(1)}
His = {(1),(234), (243)} — Has1 = {(1)}
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Hin = ((23) =2
Hur = ((123), (124)) = A (12 M){H'” 2(4]):\) :
112 = Kg(4 00
K

Hyp =
4[1\’11 =((12),(13), (14)) = 54(24 B) Hiz = Ki((12))(8 ) 4(5 Hin =((12),34)) =2 X 2>
Hio =((1324)) = 74

Hiy, = (12) > Z
His = @203 =56 —Q "
132 = =73 |

Hy3 =((123)) =2 Z3
Hp3 = ((12)45)) = Z,

Hyi = ((12),(13) = (A b)
iz = (123) = 7
{3 = (12,03, 45y = 53 202 m}% Hy = (123)45) = Ze6 1) —O ™ ’

Hay = ((123), (124)) = A,(12 Fr)(R k)
Hapy = ((12345)) = Z
{2 = ((123).(124). (125)) = A5(60 Pfr)}—{ Hyy = ((12345),(12)(35)) = Zs : Z,(10 B) {E 1 = .

Hayy =((12)(35)) = Z,
Hoz = ((123), (12)(45)) = Z5 : Z5(6 H) —
$5(120 Fr) ((123), (12)(45)) 3 (6 1)

Hyn =((45) =2,
Hiyy = ((12),(45)) = Zy X Zp(4 1) — H331 =((12)) = Z»

Hyy = ((12345),(14)(23)) = Zs : Z, (Rl k)

L {4 = ((12345), (1243)) = Z : 420 Pfr)]—{

Hyp = ((1243)) = Z4(4 ) — Haoy =((14)23)) = Z,
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EMN-groups

Recently, Deng, Meng and Lu [11] mainly investigated the structure
of EMN-groups.

Definition 5

A group G is called to be EMN-group if all maximal subgroups of G of
even order are nilpotent.

Theorem 3

Let G be a non-nilpotent EMN-group of even order. Then G is solvable,
|7(G)| < 3 and one of the following statements is true:

(a) G is a minimal non-nilpotent group;

(b) G = Zy X M, where M is a minimal non-nilpotent group of odd order.

FAIN

[11] Y. Deng, W. Meng and J. Lu, Finite Groups with Nilpotent Subgroups of Even Order, Bull. Iran. Math. Soc., 4820225 143 -
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Non-nilpotent maximal subgroups of even order
Then we introduce the following set X.
X ={M < G|2| M| and M is non — nilpotent}.

Obviously, if X = @, then G is solvable by Theorem 3. Correspondingly,
we give a new classification of second maximal subgroups by using the
core of subgroups.

oT(X) ={ H| H <M, where M € X};
o7 (X)={H|HeT(X),YM € Max(G,H) s.t. H; = Mg};

oT5(X) = ( H| H € T(X),3A M, € Max(G,H) s.t. Hg = (M) and A M, €
Max(G,H) s.t. Hg < (M>)g};
oT3(X) = { H| H € T(X),YM € Max(G, H) s.t. Hg < M, M5 K2

HOHAI UNIVERSITY
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For

Moreover, Guo, Kondrat’ev et al.([12]) describe the non-abelian com-
position factors of a non-solvable groups class 7, are pairwise isomorphic
and are exhausted by the following groups:

Fpr = { GI M < G, M is solvable or the index of M in G is prime power}
e (1) PSL,(27), where p is a prime;

(2) PSL,(3"), where p is a prime;

(3) PSLy(p*"), where p is an odd prime and w > 0;

(4) §.(27), where p is an odd prime;

(5) PSL3(3).

Here, we define a groups class 7, containing the groups class 7,
Fp = { Glnon — abelian chief factor H/K is the direct product of the simple groups mentioned above}

[12] W. Guo, A. S. Kondrat’ ev, N. V. Maslova and L. Miao, Finite groups whose maximal subgroups are solvable or have prime power indices, Proc.
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Steklov Inst. Math., 309(Suppl.1)(2020), 47-51.
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For

According to the above, we first give characterizations of the class ¥,
in terms of the properties of some second maximal subgroups belonging
to T12(X).

T12(X) = T1(¥) U T2(X)
={H|H eT(¥),3M € Max(G,H) s.t. H; = Mg}.

Theorem 4
If T12(X) = 0, then G € Fp,. J

g %
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For

Theorem 5
IfH is a CAP-subgroup of G for every subgroup H € T15(X), then G € F,. J

Theorem 6
If H is a nilpotent subgroup of G for every subgroup H € T1y(X), then
G e Fpr.

5 k%
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S#

In 2022, Wang and Miao [13] introduced a new class of groups
S;f containing every group G whose every chief factor H/K satisfies

the following condition:
O((H/K)p) =1

e saturated formation, extension closed.

°G=A6p=3.(Ag)3 = C3 X C3,A6 € S%.

[13] Y. Wang, L. Miao, Z. Gao and W.Liu, The influence of second maximal subgroups on the generalized p-solvability of finite groups, Comm. Algebra,

50(6)(2022), 2584 - 2591.
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S#

p

Recently, we use strict second maximal subgroups (U;(G)) to give a
characterization of the group class Sﬁ.

eMax;(G) = {H | H < <G and H is strict}
oU1(G) = T(X) N Max3(G).

Theorem 7
If U1(G) = 0, then G is solvable.

Theorem 8
If H is a CAP-subgroup of G for every subgroup H € U|(G), then G € Sg.
B 1 iF K ¥
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S#

p

In addition, we consider the existence of strict second maximal sub-
groups of even order, give their properties, and give a characterization of
the class of S,

eMax3(G) = {H| 2| |H| and H < <G};
eU(G) = T(¥) N Maxy(G) N Max3(G).

Theorem 9
If Uy(G) = 0, then G is solvable.

Theorem 10
If H is a CAP-subgroup of G for every subgroup H € Uy(G), then G € Sg

v
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2

T1(X) =0 > G €E,

Ti2(X) Ty2(X) CAP = G € Fyy

T12(X) is nilpotent - G € E,,

X={M|2||M| and M is non — nilpotent} U,(X) = 0 - G is solvable

Uy(X) CAP - G € S§

Uy () n {H [2]1H1} = 0 > G is solvable

U, N {H |2||H|} CAP > G € st

|
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Mg # 1

Notice that the core of every maximal subgroup of a simple group
is equal to 1. Therefore, it is natural to consider the effect of maximal
subgroups with non-trivial cores on the structure of groups, i.e.,

A={M<G Mg # 1.

Furthermore, we give the set of second maximal subgroups associated
with it.
eMax3(G) = {H| 2| |H| and H < <G};

oT\(G) = { H| H < <G,YM € Max(G, H) s.t. Hg = Mg};

eMaxy(G) = {H| H < <G and H is nilpotent};
oT(A)={ Hl H<M,where M € A},
oEi(A) = T(A) N Max3(G);

oFr(A) = E1 N Max;(G).

g %
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Mg # 1

Based on existence, we describe the structure of groups using dif-
ferent properties of subgroups. For example, relation of the core of sub-
groups, nilpotent property of subgroups, CAP-property of subgroups and
SO on.

Theorem 11
Let G/®(G) not be a non-abelian simple group. If E\(A) = 0, then G €
o

Theorem 12
Let G/®(G) not be a non-abelian simple group. If E\(A) C Maxy(G), then
G € Fpr.

Theorem 13
If Ey(A) N Max” (G) C T1(G) and Max? 5(G) S T1(G), then G € For-

Long Miao (Hohai University) On Second Maximal Subgroups of Even Order 19 /46



Mg # 1

By discussing the set £, in the same way as above, we obtain some
characterizations of the class of group 7.

Theorem 14
Let G/®(G) not be a non-abelian simple group. If E;(A) = 0, then G €
e

Theorem 15
Let G/®(G) not be a non-abelian simple group. If E;(A) C T1(G), then
G e Fpr

g %

HOHAT UNIVERSITY

Long Miao (Hohai University) On Second Maximal Subgroups of Even Order 20/46



Mg # 1 4

Theorem 16

Let G/®(G) not be a non-abelian simple group. If Ex(A) € Max)(G), then
G € Fpr.

Theorem 17

If Ex(A) N Max;(G) € T(G) and Max%(G) C Max(G), then G € Fp,.

5 k%

HOHAT UNIVERSITY

Long Miao (Hohai University) On Second Maximal Subgroups of Even Order 21/46



Mg # 1

E(4)=0-GER, }

6/ () s not be anon-
abelian simple group

Ey(A) = Max,(4)
N Max3(G)

Ey(4) € Max}(6) > G € Fyy }

Ey(A) N Max3(G) € T,(4) and Max3(G) €
T,(4) - G € Fyy

A={M < G|Mg # 1} E(A)=0-GEFR,

Ey(A) STy(A) - G EFyy

Ey(A) = Max;(4)
N Max3(G)

6/¢(G) is not be a non-
abelian simple group

E5(4) N Max}(G) < Ty(A) and Max3(G) ©

Ey(4) € Max}(G) - G € Fyy }
Max3(G) = G € Fyy ]

o Max}(G) = {H|H << G and 2||H[}¢
o Max}(G) = {H|H << G and H is nilpotent}<
 F, ={GIM <G, M is solvable or |G: M| is prime power indices}<

|
i i§ %

HOHAI UNIVERSITY

(Hoh:




pl IM]|

Meanwhile, quantitative information is an important way to study the
structure of groups. Therefore, we combine the above sets to consider the
set of partially maximal subgroups in the dual case, i.e.,

B={M<G|p| M| and Mg # 1} U{ M < G| p t |M| and 2| |M|}.

Furthermore, we give the following families of subgroups for a given
group.

T (G) ={H|H < <G,YM € Max(G,H) s.t. Hc = M¢};

eMax;(G) = {H| H < <G and H is nilpotent};

oT(B)={H H<M,where M € B},

eMaxi(B) = T(B) N Max3(G).

g %
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pl IM]|

We first consider the set 7(8), and utilize it to study the class of group
For.

Theorem 18
Let G/®(G) not be a non-abelian simple group. If T(B) C T1(G), then
G € Fpr.

Theorem 19
If H is a CAP-subgroup of G for every subgroup H € T(8), then G € F,.

g %
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pl IM]|

For the set Maxz (8B), we first consider its existence. Then we entrust
it different properties.

Theorem 20
Let G/®(G) not be a non-abelian simple group. If Max;(8) = 0, then
G e Fpr

Theorem 21
If H is a CAP-subgroup of G for every subgroup H € Maxy(8B), then
G € Fpr.

g %
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pl IM]|

Similarly, we also obtain the following results:

Theorem 22
Let G/®(G) not be a non-abelian simple group. If Max3(8) € Max}(G),
then G € Fp,.

Theorem 23

Let G/®(G) not be a non-abelian simple group. If Max(8) N Max}(G) €
T1(G), then G € Fp,.

g %
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pl IM]|

T(B)<STi(B)- GEFE,
6 /)i not be a non-
abelian simple group

T(B)CAP G € Fyy

B={M < G|p||M| and M, * 1}u
{pt|1M] and 2||M[}

Max;(B) =0~ G €F,,

Maxi(B) 6/ oy is not be a non-
abelian simple group

Max;(B) € Max(G) = G € By

Max}(B) CAP - G € F, ]
Max;(B) N Max}(G) S T;(B) = G € F,, ]

* E, ={GIM < G,M is solvable or |G: M| is prime power indices}<
o Maxy(G) = (H|H << G and H is nilpotent}<

|
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NS-supplement

Monakhov and Trofimuk [14] introduced the definition of NS-supplement.

Definition 6

A subgroup A of a group G is said to be NS-supplemented in G if there
exists a subgroup B of G such that:

(1) G = AB;

(2) whenever X is a normal subgroup of A and p € n(B), there exists a
Sylow p-subgroup B, of B such that XB, = B,X.

Theorem 24

If all maximal subgroups of G are NS-supplemented in G, then G is solv-
able.

[14] V. S. Monakhov, A. A. Trofimuk, On the supersolubility of a finite group with NS-supplemented subgroups, AgFENERY. Hupgar., 1()%.1)m}30). o
<
& U s
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NS-supplement

We introduce the following families of subgroups for a given group
G.

U ={M < G| M is not NS — supplemented}.

eMax,(U) = { H| H < M,where M € U};
oT1H(U)={H|H € Max,(U),AM € Max(G,H) s.t. H; = Mg};
eMax}(G) = {H| H < <G and H is non — nilpotent};

g %
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NS-supplement

We first investigate the influence of the second maximal subgroup on
the structure of the group in the set 71,(X).

Theorem 25
If H is NS-supplemented in G for every subgroup H € Ty(U), then G €
Fp-

Theorem 26
If H is a SCAP-subgroup of G for every subgroup H € T»(U), then G €
Fp-

g %
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NS-supplement

Theorem 27
If T12(U) N Max(G) = 0, then G € F).

Theorem 28

If H is a SCAP-subgroup of G for every subgroup H € T12(U) N Max}(G),
then G € F),.

Theorem 29

If H is a SCAP-subgroup of G for every subgroup H € T12(U) N Max}(G),
then G € F),.

v
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NS-supplement

We have added to the set in the following study.

U ={M <G| M is not NS — supplemented} U { M < G| M is NS — |
supplemented and Mg # 1}.

eMax3(G) = {H| 2| |H| and H < <G};
eE(U) = T(U) N Max3(G);
eMax3(U’) = Maxy(U") N Max3(G).

g %
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NS-supplement

Theorem 30
If H is a CAP-subgroup of G for every subgroup H € E(U), then G € 7). J

Theorem 31
IfE(U) N Maxy(G) = 0, then G € F.

Theorem 32

If H is a CAP-subgroup of G for every subgroup H € E(U") N Max}(G),
then G € F).

v
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NS-supplement

Theorem 33
If Max3(U’) = 0, then G € F).

Theorem 34
If H is a CAP-subgroup of G for every subgroup H € Maxi(U’), then
GeFp.

R
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NS —supplement_

T,,(U) NS — supplemented/nilpotent /SCAP - G € F, ]

T12(U)

Ty2(U) N Maxj (G) NS — supplemented/SCAP - G € F, ]
E(U) nilpotent/CAP - G € F, J
U={M < G|M is not NS-supplemented}
E(U") N Max}(G) CAP > G €F, J
Max;(U) =9~ GEF, ]
Max;(U")
Max;(U") CAP = G € F, y

o U'={M < G|M is not NS — supplemented} U {M < G|M is NS — supplemented and M; # 1}
¢ Max}(G) = {H|H << G and H is non — nilpotent}<

|
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G/Mg

As a result of the above investigations, we have found that the core
properties of subgroups and the properties of some subgroups of even or-
der have an important influence on the structure of the group. Inspired by
this, we give a new set of maximal subgroups.

C = { M < G| G/Mg is non — nilpotent}.
Furthermore, we give the set of second maximal subgroups associated
with it.
eMax}(G) = {H| 2| |H| and H < <G};
eMax,(C) = {H| M € C, s.t. H < M};
OMax;(E) = Max>(C) N Max3(G);

eT12(C) = { H| H € Max,(C), IM € Max(G, H) s.t. Hg = Mg);
*E(C) = T(C) N Max}(G).

> i i k%
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G/Mg

We first consider the existence of these sets and obtain the following
relevant characterizations.

Theorem 35
Let G be a group. If Maxz(a) = (), then G is solvable. J
Theorem 36
Let G be a group. If Max;(a) N T12(C) = 0, then G is solvable. J

g %
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G/MG {

Theorem 37
Let G be a group. If E(C) = 0, then G is solvable.

Theorem 38
Let G be a group. If E(C) N T12(C) = 0, then G is solvable.

Theorem 39
Let G be a group. If ECC) N MaxZ(E) =0, then G € Sg

5 k%
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G/Mg

Then we assign different properties to them on the basis of their ex-
istence. We take the example of the cover-avoidance property of the sub-

group.

Theorem 40
Let G be a group. If H is a CAP-subgroup of G for every subgroup H €
Max’,(C), then G is solvable.

Theorem 41
Let G be a group. If H is a CAP-subgroup of G for every subgroup H €
Max,(C) N T12(C), then G is solvable.

HOHAT UNIVERSITY
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G/Mg

Theorem 42
Let G be a group. If H is a CAP-subgroup of G for every subgroup H €
E(C), then G is solvable.

Theorem 43

Let G be a group. If H is a CAP-subgroup of G for every subgroup H €
E(C) N T12(C), then G is solvable.

Theorem 44
Let G be a group. If H is a CAP-subgroup of G for every subgroup H €
E(C) N Max(C), then G € 842*

v
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G/Mg

Max;(C) = @ > G is solvable

Max;(C) CAP - G is solvable

Max3(€) NTy,(C) = @ - G is solvable

Max;(C) NT;;(C) CAP - G is solvable
C={M < G|G/Mgis non — nilpotent}

E(C) = @ > G is solvable

E(C) NTy,(C) = > G is solvable

E(C) NTy,(C) CAP - G is solvable

E(C)NMax;(C)=0 - GeESY

E(C) N Max}(C) CAP - G € S}

|
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Thus a question can be posed naturally, i.e., if the set C is localized,
what is the effect on the structure of the group?

D ={M <G| G/Mg is non — p — nilpotent}.

Parallel to the previous results, we obtain the following characteriza-
tion.

g %
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G/Mg

Max;(D) = @ - G is p — solvable

= Max3(D) CAP = G is p — solvable
Max;(D)

Max;(D) NTy,(D) =0 - G is p — solvable

Max;3(D) N Ty,(D) CAP - G is p — solvable
D={M < G|G/Mgis non — p — nilpotent}

E(D)NTy,(D) =@ - G isp— solvable

E(D) E(D) N T1,(D) CAP - G is p — solvable

E(D)NMax;(D) =0 = GEGEF,,

E(D) N Max;(D) CAP - G € G € Fy

]
1
|
)
E(D) =0 - G is p — solvable ]
J
)
|
|

Fap = (GIH/K is abel or H/K is p' — group or (H/K), is abel, where H/K is chief factor of G}-

|
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